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Just as links may be algebraically described as certain morphisms in the cat-
egory of tangles, compact surfaces smoothly embedded in R4 may be described
as certain 2-morphisms in the 2-category of ‘2-tangles in 4 dimensions’. In this
announcement we give a purely algebraic characterization of the 2-category of
unframed unoriented 2-tangles in 4 dimensions as the ‘free semistrict braided
monoidal 2-category with duals on one unframed self-dual object’. A forthcom-
ing paper will contain a proof of this result using the movie moves of Carter,
Rieger and Saito. We comment on how one might use this result to construct
invariants of 2-tangles.
1 Introduction
Recent work on ‘quantum invariants’ of knots, links, tangles, and 3-manifolds depends
crucially on a purely algebraic characterization of the category of framed oriented
tangles in 3-dimensional space. It follows from work of Turaev and Yetter [11, 15, 16]
that this category is the ‘free braided monoidal category with duals on one object’.
As such, we can easily obtain functors from it to other braided monoidal categories
with duals, such as categories of representations of quantum groups. Any such functor
gives an invariant of tangles.
The ‘tangle hypothesis’ [2] suggests a vast generalization of this result, applicable
to n-dimensional surfaces embedded in (n+k)-dimensional space for all n and k. This
generalization involves the notion of a ‘k-tuply monoidal n-category’. Very roughly
speaking, an n-category is some sort of algebraic structure having objects, morphisms
between objects, 2-morphisms between morphisms, and so on up to n-morphisms. A
k-tuply monoidal n-category is an (n+k)-category that has only trivial j-morphisms
for j < k. By reindexing we can think of this as an n-category with extra structure
and properties.
Briefly put, the tangle hypothesis says that the n-category of framed oriented
n-tangles in (n + k) dimensions is the ‘free weak k-tuply monoidal n-category with
duals on one object’. In this n-category, the objects correspond to collections of
points embedded in [0; 1]k, the morphisms correspond to 1-dimensional manifolds
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with boundary embedded in [0; 1]k+1 going from one such object to another, and so
on. Finally, the n-morphisms correspond to ambient isotopy classes of n-manifolds
with corners embedded in [0; 1]n+k. We call these n-morphisms ‘n-tangles in (n+ k)
dimensions’.
Unfortunately the tangle hypothesis in its full generality as stated above involves
concepts from topology and n-category theory that have so far only been made precise
in certain low-dimensional cases. We intend to prove a version of this hypothesis
in the case n = k = 2. So far we have only completed work on the unframed,
unoriented case, which allows us to take maximal advantage of the recent work of
Carter, Rieger and Saito [7]. Also, for reasons explained below, we use the formalism
of semistrict rather than weak n-categories. The result announced here is thus that
the 2-category of unframed unoriented 2-tangles in 4 dimensions is the ‘free semistrict
braided monoidal 2-category on one unframed self-dual object’. Details will appear
in the dissertation of the second author [14], and subsequently as part of the ‘Higher-
Dimensional Algebra’ series.
‘Weak’ n-categories should be in some sense the most general sort of n-category. A
denition of weak n-categories has recently been proposed [3], and using this one may
easily give a precise denition of k-tuply monoidal weak n-categories. Historically,
however, problems in dealing with weak n-categories in their full generality led people
to dene less general sorts of ‘semistrict’ n-categories for n  2, the idea being that
these ‘semistrict’ ones would still be suciently general for most purposes. Since more
is known about the semistrict k-tuply monoidal n-categories than the weak ones for
n = k = 2, we work with the semistrict ones here. These are also known as semistrict
braided monoidal 2-categories, as shown in Figure 1 below.
n = 0 n = 1 n = 2
k = 0 sets categories 2-categories
k = 1 monoids monoidal monoidal
categories 2-categories
k = 2 commutative braided braided
monoids monoidal monoidal
categories 2-categories
k = 3 ‘’ symmetric weakly involutory
monoidal monoidal
categories 2-categories
k = 4 ‘’ ‘’ strongly involutory
monoidal
2-categories
k = 5 ‘’ ‘’ ‘’
1. Semistrict k-tuply monoidal n-categories
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Semistrict monoidal and braided monoidal 2-categories were rst dened by Kapranov
and Voevodsky [12]. A modied denition was later given by Neuchl and the rst
author [4]. A denition equivalent to this latter one, together with the denition of
weakly and strongly involutory braided monoidal 2-categories, appears in the work
of Day and Street [9]. All these concepts also appear in the work of Breen [5].
The study of duality is n-categories is only beginning, so before stating our result
we need to dene braided monoidal 2-categories ‘with duals’. The concept of a self-
dual object is straightforward, but the concept of an ‘unframed’ object is rather
subtle. In the study of framed tangles, a twist in the framing is often represented
as a certain morphism bA:A ! A known as the ‘balancing’. In our situation, an
‘unframed object’ is not an object for which the balancing is the identity, but one for
which the balancing is isomorphic to the identity via a 2-isomorphism that satises
a highly nontrivial equation of its own.
The study of universal properties for n-categories is also just beginning, so we
must clarify what is meant by the ‘free’ braided monoidal 2-category with duals on
one unframed self-dual object. Finally, there is presently no general construction of
the k-tuply monoidal n-category of k-tangles in n dimensions, so we must construct
this ‘by hand’ in the case n = k = 2 before proving our result. This construction
is quite lengthy so we omit it here; the basic ideas are already evident in the work
of Carter, Rieger and Saito [7]. We warn the reader that the paper on this topic
by Fischer [10] has serious flaws, some of which were discussed by Kharlamov and
Turaev [13].
We begin, therefore, by simply stating that there exists a precise denition of a
semistrict braided monoidal 2-category T whose 2-morphisms are ambient isotopy
classes of smooth 2-tangles in 4 dimensions. In particular, letting 11 denote the
identity morphism of the unit object of T , the 2-morphisms : 11 ) 11 in T are
precisely the ambient isotopy classes of compact surfaces smoothly embedded in [0; 1]4,
or equivalently, in R4. In what follows we give an algebraic characterization of T .
2 Statement of Theorem
In what follows, by monoidal and braided monoidal 2-categories we mean ‘semistrict’
ones as dened in reference [4], with the braided monoidal 2-categories satisfying the
additional laws described in remark (2) of the Conclusions of this reference. We use 
to denote vertical composition of 2-morphisms and  to denote horizontal composition
of 2-morphisms. Horizontal composition of a 2-morphism and a morphism is denoted
simply by juxtaposition, as is ordinary composition of morphisms. We follow the
ordering in which the composite of morphisms f :A ! B and g:B ! C is denoted
by fg:A! C, and similarly for vertical and horizontal composition operations.
Denition 1. A monoidal 2-category with duals is, to begin with, a monoidal 2-
category equipped with the following structures:
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1. For every 2-morphism : f ) g there is a 2-morphism : g ) f called the dual
of .
2. For every morphism f :A! B there is a morphism f :B ! A called the dual of
f , and 2-morphisms if : 1A ! ff  and ef : f f ! 1B, called the unit and counit
of f , respectively.
3. For any object A, there is a object A called the dual of A, morphisms iA: I !
A⊗A and eA:A ⊗A! I called the unit and counit of A, respectively, and a
2-morphism TA: (iA ⊗ A)(A⊗ eA)) 1A called the triangulator of A.
We say that a 2-morphism  is unitary if it is invertible and −1 = . Given a
2-morphism : f ) g, we dene the adjoint y: g ) f  by
y = (gif )  (g
f )  (egf
):
In addition, the structures above are also required to satisfy the following conditions:
1. X = X for any object, morphism or 2-morphism X.
2. 1X = 1X for any object or morphism X.
3. For all objects A;B, morphisms f; g, and 2-morphisms ;  for which both sides
of the following equations are well-dened, we have
(  ) =   ;
(  ) =   ;
(fg) = gf ;
(A⊗ ) = A⊗ ; (⊗A) =  ⊗ A;
(A⊗ f) = A⊗ f ; (f ⊗A) = f  ⊗ A;
and
(A⊗B) = B ⊗ A:
4. For all morphisms f and g, the 2-morphism
N
f;g is unitary.
5. For any object or morphism X we have iX = e

X and eX = i

X .
6. For any object A, the 2-morphism TA is unitary.
7. If I is the unit object, TI = 11I .
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8. For any objects A and B we have
iA⊗B = iA(A⊗ iB ⊗ A
);
eA⊗B = (B
 ⊗ eA ⊗B)eB;
and
TA⊗B = [(iA ⊗ A⊗B)(A⊗
O−1
iB ;eA
⊗B)(A⊗B ⊗ eB)]  [(TA ⊗B)  (A⊗ TB)]:
9. For any object A and morphism f we have
iA⊗f = A⊗ if ; if⊗A = if ⊗ A;
eA⊗f = A⊗ ef ; ef⊗A = ef ⊗ A:
10. For any morphisms f and g, ifg = if  (figf ) and efg = (gefg)  eg.
11. For any morphism f , iff  fef = 1f and f if  eff  = 1f.
12. For any 2-morphism , y = y.







)]  [iA(TA ⊗A
)] = 1iA:
The nal equation has the following geometrical interpretation in terms of movie
moves (see [7]):
2. Equation satised by the triangulator
Note that the equations in clause 5 of the denition above allow us to express the
counit in terms of the unit (or vice versa) using duality. This allows us to avoid
mentioning the counit at certain points in some denitions below.
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Denition 2. A braided monoidal 2-category with duals is a monoidal 2-category
with duals that is also a braided monoidal 2-category for which the braiding is unitary
in the sense that:
1. For any objects A;B, the 2-morphisms iRA;B and eRA;B are unitary.
2. For any object A and morphism f , the 2-morphisms RA;f and Rf;A are unitary.
3. For any objects A;B;C, the 2-morphisms ~R(A;BjC) and ~R(AjB;C) are unitary.
In general the above denition does not deal adequately with the subtle issue
of framings (or algebraically speaking, balancings). We can use this denition here
because we are mainly interested in T , which is generated by an ‘unframed self-
dual’ object in the sense dened below. Geometrically, this object is simply a point
embedded in the unit square.
In previous work [1], it was shown how the balancing arises naturally in any
braided monoidal category with duals. The same idea applies to braided monoidal
2-categories with duals. Explicitly, for any object A in a braided monoidal 2-category




 ⊗ BA;A)(eA ⊗ A):
For an ‘unframed’ object A, the 2nd Reidemeister move corresponds to a 2-morphism
VA: bA ) 1A. However, the connection to the movie moves of Carter, Rieger and
Saito becomes a bit clearer if work not with the balancing but with the closely related
morphism iARA;A: 1! A⊗A. The 2nd Reidemeister move then corresponds to a
2-isomorphism
WA: iA ) iARA;A
which we call the ‘writhing’, with the following geometrical interpretation:
3. The writhing
One can construct a 2-isomorphism VA: bA ) 1A given a 2-isomorphism WA: iA )
iARA;A, and conversely.
Denition 3. An unframed object in a braided monoidal 2-category with duals is
an object A with ~R(AjA;A) = 1 and ~R(A;AjA) = 1, equipped with a unitary 2-morphism
WA: iA ) iARA;A
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called the writhing of A, satisfying the equation:
























The rather terrifying equation above has the following geometrical interpretation
in terms of ‘movie moves’:
4. Equation satised by the writhing
The conditions ~R(AjA;A) = 1 and ~R(AjA;A) = 1 have nothing to do with framing per
se; they actually amount to a kind of ‘strictication’ of the braiding as far as the
object A is concerned. We include them in the denition of ‘unframed object’ merely
to simplify the exposition in what follows, and will remove them in our forthcoming
more detailed treatment.
Denition 4. A self-dual object in a braided monoidal 2-category with duals is an
object A with A = A.
Denition 5. We say a braided monoidal 2-category is generated by an unframed
self-dual object Z if:
1. Every object is a tensor product of copies of Z.





(d) tensor products of arbitrary objects with the above morphisms,
(e) duals of the above morphisms.
3. Every 2-morphism can be obtained by horizontal and vertical composition from:
(a) 2-morphisms 1f for arbitrary morphisms f ,
(b) 2-morphisms
N
f;g for arbitrary morphisms f and g,
(c) 2-morphisms RZ;f and Rf;Z for arbitrary morphisms f ,
(d) 2-morphisms if for arbitrary morphisms f ,
(e) TZ ,
(f) WZ ,
(g) tensor products of arbitrary objects with the above 2-morphisms, and
(h) duals of the above 2-morphisms.
Denition 6. For monoidal 2-categories C and D, a strict monoidal 2-functor F : C !
D is a 2-functor such that F (1) = 1, F (A ⊗ X) = F (A) ⊗ F (X), F (X ⊗ A) =




F (f);F (g), for any object A, object, morphism or 2-
morphism X, and morphisms f and g.
Denition 7. If C;D are braided monoidal 2-categories with duals and C is generated
by the unframed self-dual object Z, we say a monoidal 2-functor F : C ! D mapping
Z to an unframed self-dual object in D preserves braiding and duals strictly on the
generator if:
(a) F (X) = F (X) for every object, morphism, or 2-morphism X,
(b) F (if) = iF (f) for every morphism f ,
(c) F (iZ) = iF (Z),
(d) F (TZ) = TF (Z),
(e) F (WZ) = WF (Z)
(f) F (RZ;Z) = RF (Z);F (Z),





Theorem 8. There is a braided monoidal 2-category with duals T for which there
is an explicit one-to-correpondence between 2-morphisms of T and smooth ambient
isotopy classes of unframed unoriented smooth 2-tangles in 4 dimensions. There is an
unframed self-dual object Z 2 T , and for any braided monoidal 2-category with duals
C and unframed self-dual object A 2 C there is a unique strict monoidal 2-functor
F : T ! C with F (Z) = A that preserves braiding and duals strictly on the generator.
Thus we say that T is the free braided monoidal 2-category with duals on one
unframed self-dual object.
3 Conclusions
Our result implies that we obtain an invariant of unframed unoriented 2-tangles in 4
dimensions from any braided monoidal 2-category with duals containing a self-dual
unframed object. Similarly, we expect to be able to prove that the 2-category of
framed oriented 2-tangles is the free braided monoidal 2-category with duals on one
object. This would enable us to obtain invariants of framed oriented 2-tangles from
arbitrary braided monoidal 2-categories with duals. However, given the rather lengthy
denitions above, it is natural to wonder whether we can actually nd invariants this
way in practice: are there any interesting examples of braided monoidal 2-categories
with duals?
We believe there are many examples and that the problem is mainly a matter of
developing the machinery to get our hands on them. First, there is plenty of evidence
[2, 3] suggesting that we can obtain braided monoidal 2-categories from the homotopy
2-types of double loop spaces. Second, Neuchl and the rst author have shown how
to obtain braided monoidal 2-categories from monoidal 2-categories by a ‘quantum
double’ construction [4]. It seems plausible that applying this construction to a
monoidal 2-category with duals will give a braided monoidal 2-category with duals.
This reduces the question to obtaining monoidal 2-categories with duals. A good
example of one of these should be the monoidal 2-category of unitary representations
of a 2-groupoid, just as the monoidal category of unitary representations of a groupoid
is an example of a monoidal category with duals [1]. Third, Crane and Frenkel have
sketched a way to construct Hopf categories from Kashiwara and Lusztig’s canonical
bases for quantum groups [6]. There is reason to hope that the representation 2-
categories of these Hopf categories are monoidal 2-categories with duals. Fourth,
just as one can construct braided monoidal categories from solutions of the Yang-
Baxter equation, one can construct braided monoidal 2-categories from solutions of
the Zamolodchikov tetrahedron equations [12]. Many such solutions are known [8],
so one may hope that some give braided monoidal 2-categories with duals. Finally,
one expects ‘braided monoidal 3-Hilbert spaces’ to be interesting examples of braided
monoidal 2-categories with duals [1].
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